Harmonic Functions and Collision Probabilities^{∗†}

Christopher I. Connolly Computer Science Department University of Massachusetts Amherst, Massachusetts, 01003 USA Tel. (413) 545-3492, FAX (413) 545-1249 email: connolly@cs.umass.edu

Abstract

This paper describes a relationship between harmonic functions – which have recently been proposed for path planning – and recent work on randomization and learning in robotics. In short, the hitting probabilities for random walks can be cast as a Dirichlet problem for harmonic functions, in much the same way as in path planning. This equivalence has implications both for uncertainty in motion planning and in some robot learning problems.

1 Introduction

Some recent work in robotics has focussed on the use of harmonic functions for robot path planning [1, 2, 3, 4, 5, 6, 7, 8]. This approach resembles a potential field approach, except that the field is usually computed in a global manner (that is, over the entire region of interest). In particular, the method as described in [3] uses a grid-based technique which results in a potential such that, at each point, the potential function is the average of the potentials at neighboring points. These functions can be computed easily either by relaxation [3] or resistive grids [6].

This paper explores the relationship between this work, its probabilistic interpretation, and recent work on uncertainty and task planning. The probabilistic interpretation of harmonic functions is described in detail in [9], and in [10]. In the following discussion, the equivalence is described in terms of lattices – since this is a representation compatible with grid-based approaches – and is used to draw some inferences about its application in robotics. Specifically, harmonic func-

�1994 IEEE Conference on Robotics and Automation, San Diego CA

y cfl1994 IEEE

tions can be directly interpreted as collision probabilities. They can be used to introduce an appropriate drift in randomization, and can also be used to guarantee some useful properties for robot learning systems.

2 Basic Equivalence

In this discussion, all problems are assumed to be defined on a lattice (grid) of points in Z^n – this lattice corresponds to the configuration space of the robot. Functions will be defined on this lattice which have specific values at each lattice point. For both Laplace’s equation and the theory of Markov processes, the following discussion also extends to the continuous case (see Kemeny, et al. [10]).

2.1 Laplace’s Equation

Harmonic functions are solutions to Laplace’s equation:

∇^2ϕ =

nX_{i=1} ∂2ϕ_{∂x2i = 0 (1)}

The expression ϕ_x will be used subsequently to denote the derivative of ϕ with respect to x. The discrete form of Laplace’s equation can be derived by taking the Taylor series expansion about a point x [11]. Denoting the harmonic function by ϕ, and using h as a small increment, the central difference approximations to each second directional derivative can be computed using Taylor series expansions in the appropriate variable: ϕ(x + h) = ϕ(x) + hphi_x(x) + h^2 2 ϕ_{xx}(x) + h^3 6 ϕ_{xxx}(x) + h^4 24 ϕ_{xxxx}(ξ_+) ϕ(x − h) = ϕ(x) − hphi_x(x) + h^2 2 ϕ_{xx}(x) − h^3 6 ϕ_{xxx}(x) + h^4 24 ϕ_{xxxx}(ξ�)

ϕ(x + h) − 2ϕ(x) + ϕ(x − h) = h^2 2 ϕ_{xx}(x) + h^4 24 ϕ_{xxxx}(ξ) Since h = 1 on the lattice, we have in two dimensions: ϕ(x + 1, y) + ϕ(x − 1, y) + ϕ(x, y + 1) + ϕ(x, y − 1) −4ϕ(x) ≈ ∇^2ϕ = 0

Therefore, up to truncation error, the value of ϕ at a point in the lattice is the average of the values at the points in the (manhattan) neighborhood. This is known as the mean-value property, and applies in both the discrete and continuous cases [12]. It also holds for any number of dimensions.

2.2 Random Walks

Consider a Markov chain on this lattice. Define some points as absorbing states, with the caveat that certain absorbing states are obstacles and certain other absorbing states are goals. The hitting probability p(x) at a point x is the probability that a random walk starting at x will be absorbed by an obstacle before being absorbed by the goal. Since the walk is random, the probabilities of transition from the current state to any (manhattan) neighbor state are all equal (^1_{2n} , where n is the number of dimensions in the lattice). The probability p(x) can then be defined in two dimensions as: p(x) = 1 4 ( p(N |x → N ) + p(E|x → E) +p(W |x → W ) + p(S|x → S))

where N, E, W, S are neighbor states and x → N denotes a transition from x to N . Since the process is Markov, probabilities do not depend on prior time steps, so that p(N |x → N ) = p(N ), and likewise for the other neighbors. Thus, the hitting probability at any lattice point is the average of the hitting probabilities at the (manhattan) neighbors. These probabilities are therefore harmonic (see Doyle and Snell [9] for a detailed description of this property).

There is a simple interpretation of this equivalence in the context of harmonic function path planning: The Dirichlet form for obstacles is assumed (as described in [2]), where obstacle boundaries are fixed at ϕ(x) = 1, and goal regions are fixed at ϕ(x) = 0. In this case, the resulting harmonic function ϕ is the collision probability function over the workspace. Therefore, gradient descent of ϕ minimizes at each step the probability of collisions with obstacles.

3 Uncertainty in Motion

Several authors have examined robot task execution in the presence of uncertainty in environmental modeling, robot motion, and obstacle motion (e.g., [13, 14, 15, 16]). This discussion centers around Erdmann’s work [16]. Erdmann argues for the utility of randomization in robotic tasks as a way of overcoming uncertainty. The approach used by Erdmann relies on a randomization step in cases where sensing uncertainty prevents a reliable measurement of effector position. Bounds can be computed on the expected timeto-completion for the randomization process. However, the approach does not explicitly take estimated obstacle positions into account.

The relationship between collision probabilities and harmonic functions can be used here to provide some information to the randomization technique described in [16]. Let p_c(x) be the probability that a random walk starting at x collides with an obstacle before reaching the goal. As noted in [16], a prerequisite to any randomizing step is that p_c(x) < 1 (i.e., that there is a nonzero probability of reaching the goal before hitting an obstacle). If O denotes the obstacle set, and G the goal set, then these probabilities can be computed directly by setting the following boundary conditions:

p_c(x) = 1 x ∈ O p_c(x) = 0 x ∈ G

and then computing the harmonic function which satisfies these constraints (see section 2.1). If p_c(x) = 1, then the goal is blocked, and some other strategy must be employed.

In [16], the randomization process is modeled as a diffusion, with drift μ̄ (a vector) and variance σ.^1 A label function ℓ is used to analyze expected velocity of the process. If we let ℓ(x) = p_c(x) (a harmonic function), then a drift velocity can be computed which biases the randomization toward the goal. If L is the diffusion operator: v(x) = (Lℓ)(x) = 1 2 σ^2∇^2ℓ + μ̄∇ℓ

1For brownian motion, drift is zero and the variance is a

scalar [17]. Here, the drift is allowed to be nonzero.

but if ℓ(x) = p_c(x) then it is harmonic, and the first term vanishes: v(x) = μ̄∇p_c(x) The vector μ̄ is the drift. By allowing μ to be a function of configuration, and then adopting Erdmann’s convention that the expected infinitesimal velocity v(x) = −1 (with respect to the label function p_c), then μ̄(x) must be a vector in the opposite half-plane with respect to ∇p_c(x), i.e., the drift should be in the direction of decreasing collision probabilities. Thus, the same framework which is used for coarse motion planning in [3] can also be used for determining the drift in randomization. This allows randomization to take into account the estimated locations of obstacles in the workspace.

4 Learning in Robotics

Several authors have applied learning techniques to the robot navigation problem (e.g., [18, 19, 20]). In each case, the learning system tries to incorporate environmental information to learn the appropriate robot motion. The equivalence between harmonic functions and collision probabilities suggests two useful strategies for such learning systems:

1. learning potential functions (as in [19]) can be reduced to the problem of acquiring or computing collision probabilities

2. various properties of these probabilities (e.g., prevention of local minima, smoothness) can be preserved by restricting the types of operations that can be performed on the collision probabilities.

In some cases, the learning process can also be greatly accelerated by only learning obstacle positions and computing collision probabilities directly (as harmonic functions). This can be illustrated by considering a robot in an environment with obstacles and goals. Suppose the robot performs random walks (a popular training technique), storing collision statistics^2 at every starting point. This operation is essentially a Monte-Carlo solution for a harmonic function [9]. Note that this process is a good deal slower than a direct solution employing relaxation or a resistive network. In this pure case, the learning task can be reduced to learning obstacle and goal configurations, and then computing the collision probabilities directly (see section 2.1).

2i.e., whether an obstacle was encountered before the goal.

Mel [18] describes a connectionist model for visionbased planning and control of reaching movements. Although the motivation in [18] is to gain insight into human motor control, it has some characteristics in common with related work on robot learning. In [18], the planning phase consists of (simulated) random movements which are either accepted if they are “safe”, or rejected if they exited the workspace or caused collisions. This system therefore attempts to reduce the chance of collision [18], and hence encodes these probabilities in the system. The probability of collision, however, can be computed by using a harmonic function (with obstacle and goal position estimates). This suggests a more direct method for performing the planning phase of a reach (see, for example [8]).

Likewise, Bachrach [21] (see also Dayan [22]) uses random walks in the environment to train a network to perform obstacle-avoiding movements. The resulting network has current state as input, and desired action as output. The network learns potential fields, and adjusts these to avoid local minima and produce efficient trajectories. Since collision probabilities are harmonic, they exhibit no local minima. Therefore, this adjustment phase can be eliminated if collision probabilities (or estimates thereof) are used directly, rather than implicitly coded within the network.

Systems which implicitly use collision probabilities (e.g., by way of a random training phase) should be able to take advantage of certain properties of harmonic functions: i.e., smoothness and the min-max principle (no “local minima”). The following operations preserve the harmonic properties of a function ϕ (c is a constant):

• dilation ϕ0(x) = ϕ(cx)

• translation ϕ0(x) = ϕ(x + c)

• scaling ϕ0(x) = cϕ(x)

• bias ϕ0(x) = c + ϕ(x)

These properties can all be verified by applying the Laplacian to ϕ0. Obviously, any linear combination of harmonic functions is also harmonic. Thus, when collision probabilities can be isolated, their properties can be preserved by using the above operations (see also [12]). The application of learning techniques to robot navigation can be simplified in some cases by preserving these properties.

5 Conclusion

The equivalence of harmonic functions and collision probabilities has been applied to certain robotics problems. In general, techniques which rely on randomization to achieve their results can benefit from the probabilistic interpretation of harmonic functions. This connection is applied here to motion uncertainty, and in particular to Erdmann’s randomization method. The result is an explicit incorporation of obstacle information into the randomization phase, and an interpretation of harmonic functions in terms of goalreaching probabilities and drift in the random motion. This also illustrates the interpretation of harmonic functions as an extrapolation of obstacle geometry [3]. In addition, collision probabilities are usually implicitly (and sometimes explicitly) used in many navigation-learning systems. These probabilities are harmonic, and can be exploited to avoid local minima and enforce smooth, safe behavior of the system. In some cases, this can lead to a considerable improvement in performance (e.g., by substituting a direct solution for a Monte-Carlo simulation).

The author is indebted to Jefferson Coelho, Rod Grupen, and Satinder Singh for useful comments and discussions.

References

[1] S. Akishita, S. Kawamura, and K. Hayashi.

Laplace potential for moving obstacle avoidance and approach of a mobile robot. In 1990 Japan- USA Symposium on Flexible Automation, A Pacific Rim Conference, pages 139–142, 1990.

[2] C. I. Connolly, J. B. Burns, and R. Weiss. Path planning using Laplace’s Equation. In Proceedings of the 1990 IEEE International Conference on Robotics and Automation, pages 2102–2106, May 1990.

[3] Christopher I. Connolly and Roderic A. Grupen. The applications of harmonic functions to robotics. Journal of Robotic Systems, 10(7):931– 946, October 1993.

[4] Christopher I. Connolly and Roderic A. Grupen.

Harmonic control. In The 1992 International Symposium on Intelligent Control. IEEE, August 1992.

[5] Christopher I. Connolly. Applications of harmonic functions to robotics. In The 1992 International Symposium on Intelligent Control. IEEE, August 1992.

[6] L. Tarassenko and A. Blake. Analogue computation of collision-free paths. In Proceedings of the 1991 IEEE International Conference on Robotics and Automation, pages 540–545. IEEE, April 1991.

[7] Jin-Oh Kim and Pradeep Khosla. Real-time obstacle avoidance using harmonic potential functions. In Proceedings of the 1991 IEEE International Conference on Robotics and Automation, pages 790–796. IEEE, April 1991.

[8] Christopher I. Connolly and J. Brian Burns. A model for the functioning of the striatum. Biological Cybernetics, 68(6):535–544, 1993.

[9] Peter Doyle and J. Laurie Snell. Random Walks and Electric Networks. Carus Monographs in Mathematics. American Mathematical Society, 1984.

[10] John G. Kemeny, J. Laurie Snell, and Anthony W. Knapp. Denumerable Markov Chains, volume 40 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1976.

[11] Richard L. Burden, J. Douglas Faires, and Albert C. Reynolds. Numerical Analysis. Prindle, Weber and Schmidt, Boston, 1978.

[12] Sheldon Axler, Paul Bourdon, and Wade Ramey.

Harmonic Function Theory, volume 137 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1991.

[13] Bruce R. Donald. Planning multi-step error detection and recovery strategies. International Journal of Robotics Research, 9(1):3–60, February 1990.

[14] Norman C. Griswold and J. Eem. Control for mobile robots in the presence of moving obstacles. IEEE Transactions on Robotics and Automation, 6(2):263–268, 1990.

[15] B. John Oommen, Nicte Andrade, and S. Sitharam Iyengar. Trajectory planning of robot manipulators in noisy work spaces using stochastic automata. International Journal of Robotics Research, 10(2):135–148, April 1991.

[16] Michael Erdmann. Randomization in robot tasks. International Journal of Robotics Research, 11(5):399–436, October 1992.

[17] Samuel Karlin and Howard M. Taylor. A Second Course in Stochastic Processes. Academic Press, New York, 1981.

[18] Bartlett W. Mel. Vision-based robot motion planning. In W. Thomas Miller III, Richard S. Sutton, and Paul J. Werbos, editors, Neural Networks for Control, chapter 10. The MIT Press, 1990.

[19] Jonathan R. Bachrach. Connectionist Modeling and Control of Finite State Environments. PhD thesis, University of Massachusetts, 1992.

[20] Sridhar Mahavedan and Jonathan Connell. Automatic programming of behavior-based robots using reinforcement learning. Artificial Intelligence, 55:311–365, 1992.

[21] Jonathan R. Bachrach. A connectionist learning control architecture for navigation. In Richard P. Lippmann, John E. Moody, and David S. Touretzky, editors, Neural Information Processing Systems 3, pages 457–463. Morgan Kaufmann Publishers, 1991.

[22] Peter Dayan. Navigating through temporal difference. In Richard P. Lippmann, John E. Moody, and David S. Touretzky, editors, Neural Information Processing Systems 3, pages 464–470. Morgan Kaufmann Publishers, 1991.