
Basic Tools of Control Theory

Outline

• Open- and Closed-Loop Control

• Laplace Transform

• The Canonical Spring-Mass-Damper

• Equilibrium Setpoint Control

• Qualitative Second-Order Response

• Closed-Loop Transfer Function

• Time- and Frequency-Domain Response

Reading - Chapter 10, Appendix B.9
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Motor Circuits
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• α-motor neurons initiate motion—they’re fast

• each will innervate an average of 200 muscle fibers.

• relatively slow γ-motor neuron regulates muscle tone by setting
the reference length of the spindle receptor.

• Golgi tendon organ measures the tension in the tendon and
inhibits the α-motor neuron if it exceeds safe levels
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Negative Feedback

forcelength

  cortex

brain stem

tendon
organs

+ −
 spindle
receptors

innervation

+

−

extrafusal
  muscle

intrafusal
 muscle

spinal cord interneurons

  −motor
neurons

  −motor
neurons

• If (spindle length > reference), the α-motor neuron cause a
contraction of the muscle tissue

• if (spindle length < reference), the α-motor neuron is inhibited,
allowing the muscle to extend

Negative Feedback

...the α-motor neuron changes its output so as to cancel some

of its input...
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Negative Feedback

• first submitted for a patent in 1928 by Harold S. Black

• Black’s patent application was met with great skepticism, re-
portedly associated with a perpetual motion machine.

• subsequently, it was the basis for Watt’s governor

• spawned the field of cybernetics

• now heralded as a fundamental principle of stability in com-
pensated dynamical systems

The Muscle Stretch Reflex
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Open- and Closed-Loop Control

open-loop -
a trigger event causes a response without further stimulation

withdrawl reflex
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closed-loop -
a (time-varying) setpoint is achieved by constantly measuring and
correcting in order to actively reject disturbances

Norbert Weiner - cybernetics (helmsman), homeostasis, endocrine
system
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Laplace Transform

F (s) = L[f(t)] =

∫ ∞

0

f(t)e−stdt where s = σ + jω

The Laplace integral will converge if:

• f(t) is piecewise continuous,

• f(t) is of exponential order — i.e., there exists an a such that
|f(t)| ≤ Meat for all t > T where T is some finite time.

Name Theorem

Derivative L[dfdt ] = sF (s) − f(0+)

Integral L
[

∫ t

0 f(t)dt
]

= 1
sF (s)

Shifting L[f(t − t0)u(t − t0)] = e−t0sF (s)

...a linear differential equation with constant coefficients and

a finite number of terms is Laplace-transformable...they trans-

form into polynomials in “s.”
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Laplace Transform

F (s) = L[f(t)] =

∫ ∞

0

f(t)e−stdt

transforms an N th order differential equation

anD
n + an−1D

n−1 + · · · + a0 = 0

into an N th order polynomial

ans
n + an−1s

n−1 + · · · + a0 = 0

characteristic equation

roots of the characteristic equation
determine the form of the response
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Laplace Transform Pairs

Name f(t) F(s)
unit impulse δ(t) 1
unit step u(t) 1

s
ramp t 1

s2

nth-order ramp tn n!
sn+1

exponential e−at 1
s+a

ramped exponential 1
(n−1)!

tn−1e−at 1
(s+a)n

sine sin at a
s2+a2

cosine cos at s
s2+a2

damped sine e−atsinωt ω
(s+a)2+ω2

damped cosine e−atsinωt s+a
(s+a)2+ω2

hyperbolic sine sinh at a
s2−a2

hyperbolic cosine cosh at s
s2−a2
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Transfer Functions

...describe dynamic responses in a simple linear model...

RC Circuit
R

C
ic

iR

Vin V
out

Vout(t) = i(t)R

Vin(t) = i(t)R +
1

C

∫

i(t)dt

Vout(s) = I(s)R

Vin(s) = I(s)(R +
1

Cs
)

G =
Vout

Vin
=

RC

1 + RCs
V  (s)in outV    (s)

1 +RCs
RCs
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Transfer Functions

1 +GH

IN(s) OUT(s)

IN(s) OUT(s)

G G21

2
G +G

1

G1

G2

G1

IN(s) OUT(s)G1 G2

IN(s) OUT(s)Σ

IN(s) OUT(s)GΣ+ −

e
IN(s) OUT(s)G

1 +G

OUT(s)GΣ+ −

e

H

IN(s) OUT(s)GIN(s)

IN(s) − OUT (s)H(s) = e(s) =
OUT (s)

G(s)

IN(s) = OUT (s)

[

1

G(s)
+ H(s)

]

= OUT (s)

[

1 + G(s)H(s)

G(s)

]

OUT (s)

IN(s)
=

G(s)

1 + G(s)H(s)
closed-loop transfer function
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The Spring-Mass-Damper

Fb = −Bv = −Bẋ,

Fk = −Kx

M

BK

x

x

Kx Bx

f(t)

M

∑

F = Mẍ = f(t) − Bẋ − Kx

Mẍ + Bẋ + Kx = f(t), or

ẍ + (B/M)ẋ + (K/M)x = f(t)/M

ẍ + 2ζωnẋ + ω2
nx = f(t)/M,

where:

ωn = (K/M)1/2 [rad/sec] - natural frequency

ζ = B/2(KM)1/2 0 ≤ ζ ≤ ∞ - damping ratio
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Equilibrium Setpoint Control

f(t)/M = ẍ + 2ζωnẋ + ω2
nx

F (s) =
(

s2 + 2ζωns + ω2
n

)

X(s), so that,

X(s)

F (s)
=

1

s2 + 2ζωns + ω2
n

steady state displacement - open-loop position controller

F (S) = Fconst = KX(s)ref

KXref(s) =
(

Ms2 + Bs + K
)

Xact(s), so that,

Xact(s)

Xref(s)
=

K

Ms2 + Bs + K

Xact(s)

Xref(s)
=

ω2
n

s2 + 2ζωns + ω2
n

..input position reference, Xref(s) = F (s)/K achieves Xref(s)
asymptotically as t → ∞...

12 Copyright c©2012 Roderic Grupen



Qualitative Second-Order Response

s2 + 2ζωns + ω2
n = 0

is quadratic in s and has, therefore, two roots in general. The
form of the response in the time domain, therefore, x(t) = A0 +
A1e

s1t + A2e
s2t

case(1): ζ < 1 (underdamped) - roots s1 and s2 are complex
conjugates resulting in an oscillatory response (eiωt = cos(ωt) +
isin(ωt)).

case(2): ζ > 1 (overdamped) - s1 and s2 are distinct real roots,
the asymptotic response is dominated by the root with the smallest
absolute value.

case(3): ζ = 1 (critically damped) - repeated real roots.

x(t) = A0 + A1e
st + A2te

st
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Qualitative Second-Order Response -
continued

s2 + 2ζωns + ω2
n = 0

ζ = 0
0.1
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(K = 1.0 [N/m], M = 2.0 [kg])
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Oculomotor Pursuit in Roger

y
x

128

64

0
64

θ

γ
θref

act

keep the center of the red ball in
the center of the field of view.
...the antagonistic behavior of the
lateral rectus and medial rectus
muscles in the human eye...

τmotor = α(θref − θact) = αe(t)

where α is the amplifier gain.

∑

τ = Jθ̈act = τmotor − Bθ̇act

θref τ
+

−
Σ θact

B
αe(t)

J

(Js2 + Bs)Θact(s) = τ (s) = αE(s)
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Oculomotor Pursuit in Roger -
continued

The Closed-Loop Transfer Equation
feedforward transfer function, G:

G =
Θact(s)

E(s)
=

α

Js2 + Bs

C

R
=

Θact(s)

Θref(s)
=

G

1 + GH
=

α/(Js2 + Bs)

1 + α/(Js2 + Bs)
=

ω2
n

s2 + 2ζωn + ω2
n

where:

ωn =
√

α/J

ζ = B/2(αJ)1/2

This closed-loop transfer function accomplishes the same second
order transformation as the SMD

refsΘ(  ) actsΘ(  )
ωn

2

2
n
2ωs  + 2      s + ζωn

16 Copyright c©2012 Roderic Grupen



Oculomotor Pursuit in Roger -
continued

The Time Domain Response

...at t = 0, apply a unit step reference input

r(t) = 1

R(s) =
1

s

Therefore, if we let ωn = 1 and ζ = 1

Θact(s) =

[

1

s2 + 2s + 1

] [

1

s

]

=
1

s(s + 1)2

partial-fraction expansion of this quotient yields:

Θact(s) =
1

s(s + 1)2
=

a

s
+

b

(s + 1)
+

c

(s + 1)2

=
1

s
+

−1

(s + 1)
+

−1

(s + 1)2

The inverse Laplace transform (from the tables)

θact(t) = 1 − e−t − te−t

so that at t = 0, θact(t) = 0, but as t → ∞, the robot converges
to the reference position.
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Frequency-Domain Response

consider a sinusoidal input with frequency ω.

r(t) = A cos ωt R(s) =
As

s2 + ω2

the output is the product of the closed-loop transfer function and
the input,

C(S) =
G

1 + GH

As

s2 + ω2
=

G

1 + GH

As

(s − iω)(s + iω)

The partial fraction expansion of the quotient yields

C(S) = Ccltf(s) +
k1

s − iω
+

k2

s + iω
.

the last two terms introduce roots at s = ±iω and the inverse
Laplace transform of these terms yields time domain responses
like:

k1e
iωt and, k2e

−iωt

...the steady state response of the second order system in
response to a sinusoidal input is also a sinusoid of the same

frequency...
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Frequency-Domain Response -
continued

the magnitude of the sinusoidal response will be proportional to
the amplitude of the forcing function, A, and the gain expressed
in the closed-loop transfer function,

G(s)

1 + G(s)H(s)
=

ω2
n

s2 + 2ζωns + ω2
n

=
1

(s/ωn)2 + 2ζ(s/ωn) + 1

The gain from the CLTF can be determined by evaluating the
CLTF at the roots introduced by the forcing function (s = ±iω).
The result is a complex number with corresponding magnitude
and phase:

∣

∣

∣

∣

G(s)

1 + G(s)H(s)

∣

∣

∣

∣

s=iω

=
1

[(1 − (ω/ωn)2)2 + (2ζ(ω/ωn))2]
1/2

φ(ω) = −tan−1

(

2ζ(ω/ωn)

1 − (ω/ωn)2

)
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Frequency-Domain Response
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∣
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∣
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ω
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(b)

|φ|s=iω

ω
ωn
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Frequency-Domain Response

• for ζ = 0, the gain becomes theoretically infinite.

• for large driving frequencies, the gain in the CLTF goes to zero

• the bandwidth of the system is that frequency where the gain
falls to 1/

√
2 of the DC response.

• the natural frequency identifies the point at which the response
lags 90 degrees behind the reference input

• for driving frequencies greater than the natural frequency, the
response goes toward 180 degrees out of phase with the forcing
function.
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