
Newton/Euler Equations
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Newton’s Equation

F =
d

dt
[Ri(mivi)] = Ri(miv̇i) + Ṙi(mivi)

= Ri [miv̇i + (ωi × mivi)]

Euler’s Equation

N =
d

dt
[Ri(Miωi)]

= Ri [Miω̇i + (ωi × Miωi)]

where F and N are the net force and torque vectors on link i written
in inertial coordinates, and Ri is the rotation matrix relating frame i to
the inertial frame, and ωi is the total angular velocity of link i written
in link i coordinates.
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Newton/Euler Equations
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If F and N are written in the local coordinate frame for link i, then
[

mI3 0
0 M

] [

v̇
ω̇

]

+

[

ω × mv
ω × Mω

]

=

[

F
N

]

= W

W ∈ R6 is the generalized force or wrench consisting of forces and
torques acting on link i written in link i coordinates.

...if we can account for the full state of motion, (ω, ω̇, v̇), then we can
compute the total load, W, acting on the center of mass and define
the equation of motion for link i.
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Recursive Newton/Euler Equations
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Propagate the absolute state of motion, (ω, ω̇, v̇)i at frame i to frame
(i + 1).

Angular Velocity: ω

REV OLUTE : i+1ωi+1 = i+1Ri
iωi + θ̇i+1ẑi+1

PRISMATIC : i+1ωi+1 = i+1Ri
iωi

Angular Acceleration: ω̇

REV OLUTE : i+1ω̇i+1 = i+1Ri
iω̇i + ( i+1Ri

iωi × θ̇i+1ẑi+1)
+ θ̈i+1ẑi+1

PRISMATIC : i+1ω̇i+1 = i+1Ri
iω̇i
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Recursive Newton/Euler Equations: cont.

Linear Acceleration: v̇

Q

t1
0

p
Q

1

p
Q

0

w0
10

z 1

y
1

1

v0 1

x 1

y0

x 0z 0

0pQ = 0R1
1pQ + 0t1

0vQ = 0R1
1ṗQ + ( 0ω1 × 0R1

1pQ) + 0v1

0v̇Q =
d

dt

[

0R1
1ṗQ

]

+ ( 0ω̇1 × 0R1
1pQ) + ( 0ω1 ×

d

dt

[

0R1
1pQ

]

)

+ 0v̇1

= 0R1
1p̈Q + ( 0ω1 × 0R1

1ṗQ) + ( 0ω̇1 × 0R1
1pQ)

+( 0ω1 × 0R1
1ṗQ) + ( 0ω1 ×

0ω1 × 0R1
1pQ) + 0v̇1
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Recursive Newton/Euler Equations: cont.

Linear Acceleration: v̇

Now, substitute:

frame 0 ⇔ frame (i − 1)

frame 1 ⇔ frame i

frame 2 ⇔ frame (i + 1)

i+1v̇i+1 = i+1Ri−1

[

i−1Ri
ip̈i+1 + 2( i−1ωi × i−1Ri

iṗi+1)

+( i−1ω̇i × i−1Ri
ipi+1)

+( i−1ωi ×
i−1ωi × i−1Ri

ipi+1) + i−1v̇i

]

= i+1Ri

[

ip̈i+1 + 2( iωi ×
iṗi+1) + ( iω̇i ×

ipi+1)

+( iωi ×
iωi ×

ipi+1) + iv̇i

]

REV OLUTE : ipi+1 = const, iṗi+1 = ip̈i+1 = 0
i+1v̇i+1 = i+1Ri

[

iv̇i + ( iω̇i × ipi+1)
+( iωi × iωi × ipi+1)

]

PRISMATIC : ipi+1 = dix̂i,
iṗi+1 = ḋix̂i,

ip̈i+1 = d̈ix̂i

i+1v̇i+1 = i+1Ri

[

iv̇i + d̈ix̂i + 2( iωi × ḋix̂i)

+( iω̇i × dix̂i)
+( iωi × iωi × dix̂i)

]
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Recursive Newton/Euler Equations: cont.

Now, refer the translational acceleration to the center of mass:

i+1v̇cm,(i+1) = ( i+1ω̇i+1×
i+1pcm)+( i+1ωi+1×

i+1ωi+1×
i+1pcm)+ i+1v̇i+1

and we may write the Newton-Euler equation of motion:

i+1Fi+1 = mi+1
i+1v̇cm i+1

i+1Ni+1 = Mi+1
i+1ω̇i+1 + ( i+1ωi+1 × Mi+1

i+1ωi+1)
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Forces in Open Kinematic Chains

link i

fi

ηi

ηi+1

fi+1

F
i

i

xi
yi N

i
i

xi+1

yi+1

∑

Forces = iFi = ifi − iRi+1
i+1fi+1, or

ifi = iFi + iRi+1
i+1fi+1

∑

Torques = iNi = iηi−
iηi+1−( ipcm×

ifi)−(( ipi+1−
ipcm)× ifi+1,

but, ifi = iFi + iRi+1
i+1fi+1, so that,

iNi = iηi −
iηi+1 − ( ipcm × iFi) − ( ipi+1 ×

ifi+1)

or,

iηi = iNi + iRi+1
i+1ηi+1 + ( ipcm × iFi) + ( ipi+1 × iRi+1

i+1fi+1)
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