Newton/Euler Equations

Newton’s Equation

d : -
F = % [Rz(m@V@)] = Ri(min') + Rz’(mivi)

= R; [mlvl + (wl X mzvl)]

Euler’s Equation

d

where F' and IN are the net force and torque vectors on link ¢ written
in inertial coordinates, and R; is the rotation matrix relating frame ¢ to
the inertial frame, and w; is the total angular velocity of link ¢z written
in link ¢ coordinates.
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Newton/Euler Equations

If F'and N are written in the local coordinate frame for link ¢, then
mlIs 0 A wxmv | | F|
[ 0 M][w]+[wxMw][N]W

W € RY is the generalized force or wrench consisting of forces and
torques acting on link ¢ written in link ¢ coordinates.

...if we can account for the full state of motion, (w,w, v), then we can
compute the total load, W, acting on the center of mass and define
the equation of motion for link 7.
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Recursive Newton/Euler Equations

Propagate the absolute state of motion, (w,w, v); at frame i to frame
(2+1).

Angular Velocity: w
REVOLUTE : Hwi = iR 'wi+ 0121
PRISMATIC : H_le_l = H—IRZ' iwi

Angular Acceleration: w

REVOLUTE : "™w;, = i+11% Wi+ (1R 'wi X 041211)
+ 0i112i 11

PRISMATIC : @, = 1R w,
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Recursive Newton/Euler Equations: cont.

Linear Acceleration: v

po = oRi'po+ 't

vog = oRi 'Po+ (Ywy x R 'po) + "vi

, d . . d
Vo = pr [oR1 'Pg] + ("wi x oR; 'pg) + (w x 7 [ 0B 'Pg))
+ vy

= oR1 'Ppo+ ("wi x oR; 'po) + ("wi x Ry 'pg)

+(%wy x 0B 'pg) + (wy x wi x Ry 'pg) + vy
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Recursive Newton /Euler Equations: cont.
Linear Acceleration: v

Now, substitute:

frame 0 < frame (i — 1)
frame 1 & frame1
frame 2 < frame (i+1)

Wi = R [io1R Pi + 27wy X R, Pin)
+("Tlwi X iR, 'pir1)
+(Tlwi x Tlwy xR Tpia) + ]
= R | Piv1 +2('wi X "Pig1) + ('wi X 'pis)
H('wi X fwi X 'pi) + Vi

REVOLUTE : ipH_l = CO?”LSt, ip¢+1 = ipi+1 =0
Vi = R | Vi ('wi X 'piga)

+('w; X 'w; X iPHl)]
PRISMATIC : 'p;y = di%;, 'Pis1 = diX;, 'Div1 = diX;
Vi = R, [ZV@ +di%; + 2( 'w; x diX;)

‘|—( iwi X iwi X dlﬁl)]
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Recursive Newton/Euler Equations: cont.

Now, refer the translational acceleration to the center of mass:

1+1 ( 1+1 1+1

- _ : 1+1 1+1 1+1 1+1 :
Vem,(i+1) = Wit X pcm)""( Wip1 X Wip1 X pcm)"‘ Vit

and we may write the Newton-Euler equation of motion:

i+1 . +1g
Fiii = mip1 "7 Ve isl

1+1 . +1 - 1+1 1+1
Niti = Mipg " wipn + (M winn X Mgy " wiy)
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Forces in Open Kinematic Chains

E Forces = 'F;= £, — ,Ri; "fiq, or
ig i i+1
f; = "F;+ Rip1 " 1

ZTOTQWS = 'Ni = ‘9= 01— ("Pemx ") =(("Pi1— "Pem) X "fis1,

but, Zfz = ZF@ + R i+1fi+1, so that,

‘Ni= "0, — Nip1 — (Pem X 'Fy) — ("Pis1 x "Fiy1)

or

i"?i = iNz‘ + iR i+177@'+1 + ( ipcm X ZFZ) + ( ipi+1 X iRt i+1f¢+1)
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