Dynamics

The branch of physics that treats the action of force on
bodies in motion or at rest; kinetics, kinematics, and
statics, collectively. — Websters dictionary

Outline

e Conservation of Momentum

e Moment of Inertia, Inertia Tensors
e Newton/Fuler Dynamics

e the Computed Torque Equation

e Applications:

— simulation;
— control - feedforward compensation;
— planning;

— analysis - the acceleration ellipsoid.
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Newton’s Laws

1. a particle will remain in a state of constant rectilinear motion
unless acted on by an external force;

2. the time-rate-of-change in the momentum (mwv) of the particle

is proportional to the externally applied forces, F = 4(muw);

dt
and

3. any force imposed on body A by body B is reciprocated by an
equal and opposite reaction force on body B by body A.

Conservation of Momentum

Linear: Angular:
q | dr . .
ke m
_ Nl —
sec? |

J 1s called the mass moment of inertia
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Conservation of Momentum

To generate an angular acceleration about
O, a torque is applied around the z axis

o d
Tk:rxf:rer%(mkvk)

— e |7 % (o)

= MyTrr (T dt’vk

the velocity of my. due to wo is

v = (wz X 1pr) = (rw)t,

so that
Tr = (ka]%>w z=Jww z

T = <Z mw,%) w = Juw.
k

J [kg - m?| is the scalar moment of inertia
of the lamina about the zp axis.
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Inertia Tensor

i [SL’JC _]a:y _[xz_
_]yaf [yy _]yz
__[zx _[zy [zz |
MASS MOMENTS MASS PRODUCTS
OF INERTIA OF INERTIA

Lo = | | J(y* + 2°)pdv Ly = | | | wypdv
Ly =[] [(2*+ 2*)pdv I.= [ [ [ xzpdv
L.= [ [ [(z*+ y*)pdv L.= [ [ [ yzpdv
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Inertial Coordinate Frames

Definition (Inertial Frame)

e a frame observation from which Newton’s laws apply:

e a frame of reference that is not accelerating (it maintains
a constant state of motion) unless subjected to a non-zero
force;

e all inertial frames are in a state of constant, rectilinear
motion with respect to one another;

e accelerometers moving with any inertial frame detect zero
acceleration.

from a non-inertial frame, the dynamaics observed depend on
the acceleration of that frame and requires that physical (New-
tonian) forces must be supplemented by fictitious forces to
explain the motion.
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Rotating Coordinate Systems

" Consider inertial frame A and rotating frame B with absolute
velocity wp (written in frame B coordinates).

ra(t) = aRp(t)rs(t)

d d

£a(t) = aRs(t)lrp)] + 1 ARs(t) Jrslt)

t
‘*’X:y7l . To evaluate the second term on the right,
consider how the X, y. and z, basis vectors
LD o,  §x for frame B change by virtue of wp.
Wy A i{wz .
) 4§ X = W,y —WyZ
, Yy = —w.X — W, Z
, 2= wX —wy
this is the cross product written as a matrix operator:
J 0w, —Wwy 1 [r,]
SR es(t) = |~ 0w | |7,
| wy —wy O | |7
= wWXTr
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Rotating Coordinate Systems

Therefore,

EA(t) = aR(0)Trs(t)] + S Rs(t) Jes(t)

= 4Rp [I"B + (wg X I‘B)]

and, in fact, all vector quantities expressed in local frames that
are moving relative to an inertial frame are differentiated in this
way

d d

— [1R(1)()5] = 4R | 2 ()5 + (ws X (-)5)

gives rise to the notorious (fictitious)
Coriollis and centrifugal forces!
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EXAMPLE:

Rotating Coordinate Systems:
Low Pressure Systems

Large scale atmospheric flows converge at low pressure regions.
For a nonrotating planet, this would result in flow lines directed
radially inward.

but the earth rotates...

consider a stationary inertial frame A
and a rotating frame B attached to
the earth

vy = ARp(t)vp
Vg4 = ARB[T}B+ (w X ’UB>]

so that to an observer that travels
with frame B:

’i)B = BRA[T.)A] — (w X ’UB)
a convergent flow and a rotating system, therefore, leads to a

counterclockwise flow in the northern hemisphere and a clockwise
rotation in the southern hemisphere.
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Newton/Euler Method

(a) outward g
iteration

Wy = wp = Vg =

p— p— 0
—f B JFa=my
1 N, F R (b) inward
\, / iteration

the recursive equations for these iterations
are derived in Appendix B of the book
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» Outward Iterations
Angular Velocity: w

REVOLUTE: i+1wi+1 = 1Ry iwi + éi+1ii+1
PRISMATIC: ”1wi+1 = i+1Ri iwi

Angular Acceleration: w
REVOLUTE: Z_+1d)i+1 = im1Ri 'wi + (iR 'wi X 0i412i41) + 0i12i0
PRISMATIC Z+1L;Ji+1 - i+1Ri Zwi

Linear Acceleration: v
REVOLUTE: i+1’i]¢+1 = ;1R [ Z’Uz + ( Zw, X ipi_;,_l) + ( iwi X iwi X ipi_;,_l)]
PRISMATIC: i = R, [ i+ diki + 2( Pw; x di%i) + (o x di%s)
+ ( iwi X iwi X d,f(l)]

Linear Acceleration (center of mass): v,
+1 _ (it +1
Tognirn) = (i X Tpem) 4
+ ("Mwipr x Tlwipy x Tlpg,) + oy

Net Force: F
i+1 i+1,
HF L =m0 i
Net Moment: N
i+1 i+1 i+1 i+1
NG = g Mo + ("Mwipr x i "Hwig)

Inward Iterations

Inter-Link Forces:
f; = "Fi+ iRip1 i

Inter-Link Moments:
;= 'Ni+ iRit1 "'+ ("Pem X Fy)

+ (*pit1 X Riy1 i)
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The Computed Torque Equation

State Space Form

T =M(0)0+V(06)+G(0)+F

external forces/torques:
e cxternal forces
e [riction

— VISCOous T = —vb

— coulomb T = —c(sgn(6))
— hybrid
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EXAMPLE:
Dynamic Model of Roger’s Eye

T + mglsin(f) = (mi?)f

or )
Tm = MO + G,

generalized inertia

M = ml?* (a scalar):

Coriolis and centripetal forces
V(6,6) do not exist; and

Gravitational loads

G = —mglsin(0)
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EXAMPLE:
Dynamic Model of Roger’s Arm

I mgl% + 2m2l1l202 + (m1 + m2>l% mgl% + m2l1l202

M<0> - i mgl% + m2l1l2(32 mglg
V(H 0) _ I —m2l1l232(93 —|— 291(92) Nom
7 m2l1l2329%
G(6) = | —(my + ma)li1519 — malasiag Nom
i —Mal2S129
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EXAMPLE:
Roger’s Whole-Body Dynamics

base parameter
m, =0.2kg
|p=0.16m

m, b =0.00512 kg fy,

y

frameO :

7=MgG+V(q,q) +F
7€ RS is the vector of forces and torques that cause accelerations
in the degrees of freedom g € R® of the robot.

To

71 Moo  Mp1 Moz Moz  Mosa Mos Mos Moz 4o Vo Fo f3a
~ Mio Min Mz  Miz Mg Mis Mg My 41 1 Fy M3z
T2 Mzo  Mazy  Mzz  Maz  May Mas Mg Moy G2 Vo Fy M52
T3 J— Mso  Mszy  Mszz  Mszz Mgy Mss Msg Msy a3 _I_ V3 _I_ F3 J— 122
T - Mgo  Mgr  Maz Mgz  Mgg  Mys  Msg My da Va Fy - N8>
- Mso  Msi Msz  Msz  Msa Mss  Mse  Msy ds Vs Fs M9
~° Mgo  Me1 Mgz Mgz Mesa Mgs Mgs  Mer de Ve Fg 152
T6 Mzo M7y Mgz Mgz Mzqg  Mzs  Mrze  Mr7 d7 V7 Fr M162
T7
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Simulation

=M Y0)|T—-V(06O) —-GO) —F

initial conditions:

numerical integration:
Ot) =Mt -V -G —F]
0(t + At) = 0(t) + O(t)At

O(t + At) = () + O(t) At + 10(t) At?
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Feedforward Dynamic Compensators

qjesi M U [rosor g
TR
| ARE-RE
f >—j i
I — i
PD controller Leoer:]j;cgr\:vsag%r | plant

linearized and decoupled
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Generalized Inertia Ellipsoid

computed torque equation:

T =M6 +V(0,0)+ G(0)

if we assume that @ ~ 0, and we ignore gravity

T = M6
16 <1

relative inertia—torque required to create a unit acceleration de-
fined by the eigenvalues and eigenvectors of MM
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Acceleration Polytope

gra\/lty, actuator performance, and the current state of motion
influences the ability of a manipulator to generate accelerations

differentiating » = Jq,
= J(q)Q+J(q C'J>q

Vo = —IM 'V +Jq, and

: ~1
,Ugra/v — _JM G'.
7=L"'7 L = diag(m,"™", ... ¢ "™

admissible torques constitute a unit hypercube |7 <1

7 =JIM LT + Uyt + Vgrav
= JM LT + 0pias.

maps the n-dimensional hypercube || 7| < 1
to the m-dimensional acceleration polytope
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Dynamic Manipulability Ellipsoid

e = o (808 (v ) o

M and L are symmetric:

AT = (AH, A2 = A'A~! and for symmetric matrices,
AT = A

(7 — Dpias)” [T ML 7M™ (7 — Opigs) < 1,
so that

dynamic manipulability ellipsoid

(7 — Dpjas) (T — Dpias)” € [JM LM J']

dynamic-manipulability measure

kalg. q) = \/det (JMTM)~1J7]
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my=me=02kg, l; =1=025m, 7'7 <0.005 N?>m?.

black ellipsoids - unbiased dynamic manipulability
gravity biased dynamic manipulability
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